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We perform an experiment in which a quantum heat engine works under two reservoirs,
one at a positive spin temperature and the other at an effective negative spin temperature
i.e., when the spin system presents population inversion. We show that the efficiency of this
engine can be greater than that when both reservoirs are at positive temperatures. We also
demonstrate the counter-intuitive result that the Otto efficiency can be beaten only when
the quantum engine is operating in the finite-time mode.
PACS numbers: 05.30.-d, 05.20.-y, 05.70.Ln
Negative temperature is one of the most exciting cur-
rent topics in contemporary physics, being subject to
skepticism and criticism in the scientific community.
This topic emerged in 1951 when Purcell [1] first pro-
duced spin states with inverted population and consid-
ered the possibility of describing them as states at neg-
ative spin temperatures. In 1956, Ramsey [2] studied
these states theoretically, considering them as states of
thermodynamic equilibrium, and discussed the conse-
quences on the bases of thermodynamics arising from
the incorporation of negative temperatures, one of them
being the need for modifications of thermodynamics
laws. After more than 60 years since the experiment car-
ried out by Purcell [1], another experiment [3, 4] involv-
ing negative temperatures called attention, which have
triggered a discussion on the definition of equilibrium
entropy in statistical mechanics, or the “Boltzmann ver-
sus Gibbs entropy” issue [5–15]. Recently, H. Struchtrup
[16] studied this subject from a different point of view by
considering states at negative temperatures as nonequi-
librium states, referring to them as temperature unsta-
ble states or states with apparent negative temperatures,
thus keeping unchanged the bases of thermodynam-
ics. Although the concept of negative temperature has
proven controversial, fortunately it is not necessary to
enter this debate to investigate a heat engine operat-
ing in such environments. Indeed, both equilibrium
and nonequilibrium reservoirs have already been con-
sidered in previous works, see for instance Refs. [17–26].
However, we will use here the nonequilibrium approach
discussed in Ref. [16], referring to states with appar-
ent negative temperatures as states at effective negative
temperatures.
Classical heat engines convert thermal resources into
work, which is maximized for reversible operations in
which the entropy production vanishes. In the quan-
tum realm, both the engine and the reservoirs can be
composed by finite-dimensional systems. Differently
from the classical case, quantum engines can be pre-
pared in physical states without classical analogues [26].
These quantum states, in which the working substance
as well the reservoirs can be prepared, give rise to an
out-of-equilibrium scenario where it is legitimate to ex-
pect improved heat engines as compared to their classi-
cal analogs. Indeed, it was recently demonstrated that
the use of squeezed thermal reservoirs allows for ther-
mal engines of greater efficiencies [22, 24]. As a spe-
cial example, the quantum Otto heat engine (QOHE)
consists of two isochoric thermalization branches, one
with a cold and another with a hot thermal reservoir in
which the Hamiltonian is fixed, and two other branches,
in which the system is disconnected from the thermal
reservoirs and evolves unitarily [17–21, 23, 27–30]. Re-
cently, QOHE operating with reservoirs at positive tem-
peratures was experimentally performed in the nuclear
magnetic resonance (NMR) context and fully character-
ized in the finite-time operation mode [25]. This exper-
iment demonstrated that the quantumness of the work
substance is not enough to have gain in efficiency. Fur-
thermore, the work extracted from a QOHE is limited to
the same amount of work extracted from a classical Otto
engine, and besides, the maximum work is extracted
only at the quasi-static operation mode [25].
In this letter we show a proof-of-concept implementa-
tion of a QOHE that operates under a thermal reservoir
at a positive spin temperature and another one at an ef-
fective negative spin temperature. As far as we know,
our experiment is the first one to investigate quantum
heat engines with reservoir at negative effective temper-
atures. As a consequence of this new approach, we ob-
tained extremely innovative and counterintuitive results
as higher efficiency than the Otto limit and, for some set
of parameters, the faster the process the higher the effi-
ciency.
To implement the QOHE we employed a 13C-labeled
CHCl3 liquid sample diluted in Acetone-D6 and a 500
MHz Varian NMR spectrometer. Due to dilution, each
chloroform molecule (CHCl3) can be seen as an inde-
pendent two-qubit system, named 13C and 1H nuclear
spins. The coupling interaction between 13C and 1H nu-
cleus is J=215.1 Hz and their Larmor frequencies are
νHL =500 MHz and ν
C
L =125 MHz. As in Ref. [25], the
spin 1/2 of the 13C nucleus is the working medium, and
the spin 1/2 of the 1H nucleus plays the role of the hot
thermal reservoir. The experiments were performed at
room temperature. Radiofrequency pulses allow ma-
nipulating the 13C and 1H spins populations separately,
and therefore can be used to prepare different Boltz-
mann distributions. In the timescale of the experiment
these distributions remain basically unchanged due to
the long thermal relaxation time, which in NMR is as-
sociated with the spin lattice relaxation occurring in a
characteristic time τ1 (τH1 ∼7,4 s and τ
C
1 ∼11,3 s). The
four-strokes of the quantum Otto cycle are indicated be-
low and the respective simplified experimental protocol
is shown in Fig. 1.
(i) Cooling stroke. At first, using spatial average tech-
niques employed by radio-frequency (rf) and gradient
fields, the 13C nuclear spin is prepared in a pseudo-
thermal state equivalent to ρ1=e−βcoldHcold/Zcold, where
βcold is the cold inverse effective spin temperature,Hcold
is the Hamiltonian, and Zcold is the partition function.
The cold inverse effective spin temperature has the form
βcold=1/kBTcold, with kB being the Boltzmann’s con-
stant and Tcold the cold effective spin temperature. The
Hamiltonian is given by Hcold=−
1
2hνcoldσ
C
x , with h be-
ing the Planck’s constant, νcold a frequency to be speci-
fied, and σCx,y,z the Pauli matrices.
(ii) Expansion stroke. In this stage, from time t=0 to
t=τ , the time-modulated rf-field resonant with the 13C
nuclear spin drives the working medium Hamiltonian
according to Hexp(t)=−
1
2hν(t)
[
cos
(
pit
2τ
)
σCx+sin
(
pit
2τ
)
σCy
]
,
with ν(t)=νcold
(
1−t
τ
)
+νhot
t
τ
, in a rotating frame at the
frequency νCL . The rf-field intensity is adjusted so that
νcold=2.0 kHz and νhot=3.6 kHz, thus expanding the
energy gap. The driving time τ will be varied into the
interval from 100 µs to 400 µs. This time is much shorter
than the decoherence scales, which has the order of sec-
onds, implying that we can describe the driving pro-
cess as almost unitary [25, 31]. Therefore, the expan-
sion stroke drives the working medium Hamiltonian
to Hexp(τ)=−
1
2hνhotσ
C
y ≡Hhot and unitarily evolves the
13C nuclear spin state to ρ2=Uτ,0ρ1U
†
τ,0, where Uτ,0
stands for the unitary evolution operator.
(iii) Heating stroke. Here, the 13C nuclear spin thermal-
izes at a hot inverse spin temperature βhot. The themal-
ization is achieved by emulating the heat exchange be-
tween the working system and the bath using the 1H
nuclear spin as an auxiliary system, which is previously
prepared in a pseudo-thermal state with inverse spin
temperature βhot. This thermalization process is effec-
tively achieved by applying a sequence of suitable rf
pulses and free evolution between the nuclei under the
scalar interaction HJ=
1
4hJσ
C
z σ
H
z , as sketched in Fig. 1.
At the end of this stage, the 13C nuclear spin state is in
the Gibbs state ρ3=e−βhotHhot/Zhot.
(iv) Compression stroke. At last, this stage is accom-
plished by reversing the protocol adopted in the above
expansion stroke, such that the Hamiltonian isHcomp(t)=
−Hexp(τ−t). This process is unitary, and at the end the
13C nuclear spin state is ρ4=Vτ,0ρ3V
†
τ,0, where Vτ,0=U
†
τ,0.
Figure 1. Circuit to QOHE implementation protocol. The blue
(red) circles represent transverse rf-pulses in the x (y) direction
that produce rotations by the angles displayed into the circle.
The θ and φ angles were adjusted to produce the desired pop-
ulations (see the main text).
The inverse temperature βcold(hot) of the
13C nuclear
spin can be adjusted by means of the population of its
excited state p+
cold(hot) according to the relation
βcold(hot)=
1
hνcold(hot)
ln
(
1−p+
cold(hot)
p+
cold(hot)
)
, (1)
where p+
cold(hot)=〈+cold(hot)|ρ1(3)|+cold(hot)〉, with∣∣+cold(hot)〉 being the eigenstate of the Hamiltonian
Hcold(hot) with positive eigenvalue. As can be seen from
Eq. (1), p+
cold(hot)∈ [0,0.5) corresponds to βcold(hot) pos-
itive, while p+
cold(hot)∈(0.5,1] corresponds to βcold(hot)
negative. In turn, p+cold is adjusted by rf and gradient
fields, as already mentioned in the cooling stroke,
and p+hot by adjusting the population of the excited
state of the 1H nuclear spin, also using rf and gradient
fields. In our experiment, see Fig. 1, φ was held fixed,
corresponding to p+cold=0.261±0.004, whereas θ was
varied so that p+hot∈(0.5,1]. The population p
+
cold(hot) is
obtained by tomography of states ρ1(3) [32].
The successive repetition of the procedure (i) to (iv)
above is equivalent to running successive cycles of the
QOHE. Also, as each experimental realization of the
protocol indicated in Fig. 1 involves spatial averages on
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a diluted liquid sample containing about 1017 noninter-
acting molecules, each experimental result presents an
average over many copies of a single molecular spin en-
gine [33, 34]. All measurements in our experiment refer
to a single realization of the protocol described in Fig. 1.
It is worthwhile to mention that the finite-time, nec-
essary to accomplish the expansion and compression
stages, is responsible for transitions between the instan-
taneous eigenstates of the 13C nuclear spin Hamiltonian.
These transitions result in entropy production, which in-
troduces irreversibility into the QOHE, causing the poor
performance on thermal engines operating under ther-
mal reservoirs at positive temperatures [25, 35, 36]. Sur-
prisingly, as shown below, when the QOHE works un-
der one thermal reservoir at a positive spin tempera-
ture and the other at an effective negative spin temper-
ature, the finite-time operation mode improves the per-
formance of the QOHE.
To understand our experimental results, firstly we an-
alyze theoretically the efficiency of the QOHE described
previously and, in the following, we show the results
obtained from our experiment. The first quantities we
are interested in are the average net work 〈W 〉 per-
formed by the QOHE and the average heat 〈Qhot〉 ab-
sorbed from the hot thermal reservoir, which is all the
heat absorbed by the implemented QOHE.
After a straightforward calculation, using the infor-
mation contained in the four-strokes of the QOHE, to-
gether with the constraints βcold>0 and βhot<0 (βhot=
−|βhot|), we obtain (see Supplementary Material [37])
〈W 〉=−
h
2
(νhot−νcold)
[
tanh
(
1
2βcoldhνcold
)
+tanh
(
1
2|βhot|hνhot
)]
+hξ
[
νhottanh
(
1
2βcoldhνcold
)
−νcoldtanh
(
1
2|βhot|hνhot
)]
(2)
and
〈Qhot〉=
h
2
νhot
[
tanh
(
1
2βcoldhνcold
)
+tanh
(
1
2|βhot|hνhot
)]
−ξhνhottanh
(
1
2βcoldhνcold
)
, (3)
where ξ= |〈±hot|Uτ,0|∓cold〉|
2
= |〈±cold|Vτ,0|∓hot〉|
2 is the
transition probability between the eigenstates |∓cold〉
and |±hot〉. According to our convention, in order to ex-
tract work from the QOHE wemust have 〈W 〉<0. From
Eq. (2) this implies
ξ<
(νhot−νcold)
[
tanh
(
1
2βcoldhνcold
)
+tanh
(
1
2|βhot|hνhot
)]
2
∣∣νhottanh(12βcoldhνcold)−νcoldtanh(12|βhot|hνhot)∣∣ ,
(4)
with νhottanh
(
1
2βcoldhνcold
)
−νcoldtanh
(
1
2|βhot|hνhot
)
6=
0. In the case where νhottanh
(
1
2βchνcold
)
−
νcoldtanh
(
1
2|βhot|hνhot
)
=0, as can be seen in Eq.
(2), the QOHE performs work regardless the value of
ξ. The conditionality to extract work from the QOHE is
graphically shown in the red and blue regions of Fig.
2 (a). The red region indicates the set of parameters
where QOHE operates as a conventional heat engine,
therefore with efficiency η<ηOtto≡1−νcold/νhot, while
the blue region, on the other hand, displays the set of
parameters ξ for which efficiency beats that of a con-
ventional QOHE, i.e., η≥ηOtto, as will be demonstrated
later in the calculations. Note that there is a blank area
in Fig. 2 (a). In that region the system does not work
out as a heat engine. So, not all values of ξ allows us to
have a heat engine for the region η<ηOtto. However,
for the region where η≥ηOtto, our system works out as
a heat engine for all values of ξ. Fig. 2 (b) shows that
the transition probability goes to zero when the driving
time is increased, as expected by the quantum adiabatic
theorem.
Since ξ contains all information about the speed at
which the expansion and compression stages are per-
formed, see Fig. 2 (b), the contribution to the net work
due to the finite-time realization of these stages lies on
the term containing ξ in Eq. (2). Thus, ξ can be viewed
as an adiabaticity parameter. Besides, this term can be
identified with the total inner friction, which is the dif-
ference between the average net work considering ac-
tual processes and the average net work considering
ideal (adiabatic) processes [35]. In this way, the total
inner friction is related to the nonadiabaticity of the ex-
pansion and compression processes and, therefore, re-
lated to the entropy production [35]. When we con-
sider one of the thermal reservoirs with negative tem-
perature, surprisingly, ξ may contribute to the increase
of the extracted net work, as can be seen directly in
Eq. (2), unlike what happens when we consider only
thermal reservoirs with positive temperatures [25]. If
the other QOHE parameters are properly adjusted, the
faster the expansion and compression processes are per-
formed the greater the contribution of this parameter ξ
to the extractedwork, since ξ increases with the shorten-
ing of time interval, see Fig. 2 (b). It is important to note
that the increase of the extracted work with the decrease
of time causes the power of the QOHE to increase, which
is a motivating factor for the implementation of a QOHE
operating under effective negative temperature thermal
reservoir. Indeed, this is the main message from Fig.2
(b).
We can now look at the QOHE efficiency. From Eqs.
(2) and (3), the QOHE efficiency, which is given by η=
−〈W 〉/〈Qhot〉, can be written as (see SM)
η=1−
νcold
νhot
(
1−ξF
1−ξG
)
, (5)
where
F =
tanh
(
1
2|βhot|hνhot
)
tanh
(
1
2βcoldhνcold
)
+tanh
(
1
2|βhot|hνhot
) (6)
3
0 200 400 600 800 1000
τ (µs)
(b)
Figure 2. (a) Transition probability ξ versus excited state pop-
ulation p+
hot
of the 13C nuclear spin. Red and blue regions sep-
arate the regimes where efficiency is improved (blue) as com-
pared with the conventional QOHE (red). (b) Transition prob-
ability ξ versus expansion/compression (assumed the same)
time τ . Note that, due to the protocol adopted here, this tran-
sition probability is upper limited by ξ=1/2.
and
G =
tanh
(
1
2βcoldhνcold
)
tanh
(
1
2βcoldhνcold
)
+tanh
(
1
2|βhot|hνhot
). (7)
Eq. (5) shows that when ξ=0we have η=1−νcold/νhot≡
ηOtto, which is the upper limit for the efficiency of Otto
cycles operating under thermal reservoirs both at pos-
itive spin temperatures. Strikingly, as in the case of
extracted net work, now ξ 6=0 can contribute to the
increase of the QOHE efficiency, causing it to over-
take ηOtto. By analyzing Eqs. (5)-(7), it is possible to
show that βcoldνcold< |βhot|νhot implies η<ηOtto while
βcoldνcold≥|βhot|νhot implies η≥ηOtto, corresponding to
the red and blue regions of Fig. 2.
Our experimental results are shown in Figs. 3 (a-b),
where the efficiency of the QOHE is plotted against the
population of the excited state for several driving times
τ ranging from 100 µs to 400 µs. The efficiency is ob-
tained by means of the average energy of the 13C nu-
clear spin after each stroke, see the Supplementary Ma-
terial [37], where the Hamiltonians Hcold and Hhot are
used together with the nuclear spin states ρi, i=1,2,3,4,
obtained by tomography (see Supplementary Material
[37]). Dashed lines are for our theoretical results; dots
are the experimental measurements. Note, in Fig.3 (a),
the intersection point corresponding to the transition
point from η<ηOtto to η≥ηOtto. This point is also shown
in Fig.2 (a). It is important to note that the faster the ex-
pansion and compression steps (small driving times τ ),
the greater the engine efficiency in the regime in which
η≥ηOtto. In fact, note that to the right of the intersec-
tion point, the best efficiency occurs for τ=100 µs (black
dashed and dots). Also, since η increases with the de-
creasing of the ratio νcold/νhot, see Eq. (5), in Fig. 3 (b)we
show the efficiency against the population of the excited
state, now for a fixed driving time τ=200 µs while vary-
ing this frequency ratio with νcold=2 kHz. Note that the
smaller this ratio the greater the efficiency, as expected.
Therefore, we can use this ratio to improve the QOHE
efficiency.
Figure 3. Efficiency (η) against the population (p+
hot
) of the
excited state. Dashed lines are the theoretical results while
the dots are the experimental measurements. (a) η versus p+
hot
for several finite operation times, keeping the frequency ratio
fixed (νcold=2.0 kHz and νhot=3.6 kHz). The intersection of
the curves happens at the transition point between the regimes
η<ηOtto and η≥ηOtto. (b) η versus p
+
hot
for different frequency
ratios νcold/νhot, with νcold=2 kHz. The driving time is fixed
in τ=200 µs.
In conclusion, we experimentally performed a quan-
tum Otto heat engine (QOHE) in the context of nuclear
magnetic resonance by considering one of the two reser-
voirs being at effective negative spin temperature. Such
fermionic reservoirs can be engineered, for example, by
inverting the population of a huge nuclear hydrogen
spin system. Thus, by weakly coupling a single nuclear
carbon spin to this “sea” of nuclear spins of the hydro-
gen atoms, the engineered reservoir is able to invert the
population of the main nuclear spin system (carbon nu-
clear spin) as if it were effectively coupled to a nega-
tive temperature reservoir [39]. Unlike previous works
with classical and quantum heat engines, which oper-
ate with reservoirs at positive temperatures, our system
provides a set of parameters in which the faster the pro-
cesses are performed, the greater the efficiency of the en-
gine, which we proved experimentally. In this way, our
heat engine is not limited to adiabatic (slow) processes
to obtain high efficiencies. Thus, while the efficiency of
conventional Otto engines reaches the maximum ηOtto=
1−νc/νhwhen its expansion and compression processes
occur reversibly, thus in the limit of null output power,
our implemented QOHE reaches η=ηOtto and η>ηOtto
when its expansion and compression processes occur
adiabatically and nonadiabatically, respectively. In ad-
dition, for a QOHE operating under reservoirs at posi-
tive spin temperatures only, the nonadiabaticity as mea-
sured by the parameter ξ= |〈±hot|Uτ,0|∓cold〉|
2 comes
from the finite-time regime and is responsible to de-
crease the engine efficiency. However, in our experiment
4
this parameter ξ can be used to increase the engine effi-
ciency. Besides, our QOHE allows to obtain efficiency
superior to the Otto limit, also proven experimentally,
remembering that we do not take into account the work
to engineer the reservoir at effective negative temper-
ature, following the same approach of previous works
that show superior efficiencies for out of equilibrium
reservoirs, like squeezed ones [22, 24]. Finally, different
from works in Ref. [40, 41] where the energy is directly
converted into mechanical work, our experiment con-
sists in a proof-of-concept providing the efficiency and
maximum work that can be obtained from our QOHE.
Thus, the results presented here can trigger new investi-
gations on quantum heat engines in out of equilibrium
reservoirs and applications for effective negative tem-
perature systems.
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Supplementary Material
Part I
Theory
I. THE QUANTUM OTTO HEAT ENGINE (QOHE)
The Otto cycle is described in the main text. We thus summarize the main information about it in Fig. I.1 such
that, when can refer to it during the calculations.
 
Figure I.1. Scheme of the Otto cycle addressed in the main text, in which 1→2 corresponds to the expansion stroke, 2→3 to
the heating stroke, 3→4 to the compression stroke, and 4→1 to the cooling stroke. States (ρ’s) and Hamiltonians (H ’s) at the
beginning and end of each stroke are given in the dialog boxes, where νcold and νhot are frequencies, σ
C
x and σ
C
y are the Pauli
matrices related to carbon (the working medium), βcold and βhot are the inverse temperatures, and Zcold and Zhot are the
partition functions. The unitary operator Uτ,0 has the form Uτ,0=T e
−(i/~)
r
τ
0
dtHexp(t), where T is the time-ordering operator
and Hexp(t)=−
1
2
h
[
νcold
(
1− t
τ
)
+νhot
t
τ
][
cos
(
pit
2τ
)
σCx +sin
(
pit
2τ
)
σCy
]
is the expansion Hamiltonian. The unitary operator Vτ,0 can
be obtained through the relation Vτ,0=U
†
τ,0.
Analyzing the description of the Otto cycle provided in Fig. I.1, we can see that the net work of the cycle is given
by
〈W 〉=〈W1→2〉+〈W3→4〉
=Tr(ρ2Hhot)−Tr(ρ1Hcold)+Tr(ρ4Hcold)−Tr(ρ3Hhot), (I.1)
while the heats exchanged between the working medium and the hot and cold reservoirs are given by
〈Qhot〉=〈Q3→2〉
=Tr(ρ3Hhot)−Tr(ρ2Hhot) (I.2)
and
〈Qcold〉=〈Q4→1〉
=Tr(ρ1Hcold)−Tr(ρ4Hcold). (I.3)
1
II CALCULATION OF 〈W 〉, 〈Qhot〉, 〈Qcold〉 AND η
For the Otto cycle to work as a heat engine, the condition 〈W 〉<0 (work extraction) must be satisfied. Besides, as
will be shown below, the unitary operation of our interest will always provide 〈Qhot〉>0 (heat gain) and 〈Qcold〉<0
(heat loss). That said, we can introduce the engine efficiency as being
η=−
〈W 〉
〈Qhot〉
. (I.4)
II. CALCULATION OF 〈W 〉, 〈Qhot〉, 〈Qcold〉 AND η
In order to simplify the explicit calculation of the quantities desired, we will perform separately the traces present
in Eqs. (I.1)-(I.3). In this way we must first compute the partition functions Zcold and Zhot. Thus, with the aid of
the eigenvalue equation
Hcold(hot)
∣∣±cold(hot)〉=±1
2
hνcold(hot)
∣∣±cold(hot)〉, (II.1)
we have
Zcold=Tr
(
e−βcoldHcold
)
=〈−cold|e
−βcoldHcold |−cold〉+〈+cold|e
−βcoldHcold |+cold〉
=eβcoldhνcold/2+e−βcoldhνcold/2
=2cosh
(
1
2
βcoldhνcold
)
, (II.2)
an similarly,
Zhot=2cosh
(
1
2
βhothνhot
)
. (II.3)
With this, the calculation of the traces follows as
Tr(ρ1Hcold)=
1
Zcold
Tr
(
e−βcoldHcoldHcold
)
=
1
Zcold
(
〈−cold|e
−βcoldHcoldHcold|−cold〉+〈+cold|e
−βcoldHcoldHcold|+cold〉
)
=
hνcold
2Zcold
(
−〈−cold|e
−βcoldHcold |−cold〉+〈+cold|e
−βcoldHcold |+cold〉
)
=
hνcold
2Zcold
(
−eβcoldhνcold/2+e−βcoldhνcold/2
)
=−
hνcold
Zcold
sinh
(
1
2
βcoldhνcold
)
=−
1
2
hνcoldtanh
(
1
2
βcoldhνcold
)
, (II.4)
Tr(ρ3Hhot)=−
1
2
hνhottanh
(
1
2
βhothνhot
)
, (II.5)
2
II CALCULATION OF 〈W 〉, 〈Qhot〉, 〈Qcold〉 AND η
Tr(ρ2Hhot)=Tr
(
Uτ,0ρ1U
†
τ,0Hhot
)
=
1
Zcold
Tr
(
U †τ,0HhotUτ,0e
−βcoldHcold
)
=
1
Zcold
(
eβcoldhνcold/2〈−cold|U
†
τ,0HhotUτ,0|−cold〉+e
−βcoldhνcold/2〈+cold|U
†
τ,0HhotUτ,0|+cold〉
)
=
1
Zcold
[(
eβcoldhνcold/2−e−βcoldhνcold/2
)
〈−cold|U
†
τ,0HhotUτ,0|−cold〉+e
−βcoldhνcold/2Tr
(
U †τ,0HhotUτ,0
)]
=tanh
(
1
2
βcoldhνcold
)
〈−cold|U
†
τ,0HhotUτ,0|−cold〉−
hνhot
2Zcold
e−βcoldhνcold/2Tr
(
σCy
)
=tanh
(
1
2
βcoldhνcold
)
〈−cold|U
†
τ,0HhotUτ,0|−cold〉
=tanh
(
1
2
βcoldhνcold
)
〈−cold|U
†
τ,0Hhot(|−hot〉〈−hot|+|+hot〉〈+hot|)Uτ,0|−cold〉
=−
1
2
hνhottanh
(
1
2
βcoldhνcold
)
〈−cold|U
†
τ,0(|−hot〉〈−hot|−|+hot〉〈+hot|)Uτ,0|−cold〉
=−
1
2
hνhottanh
(
1
2
βcoldhνcold
)
〈−cold|U
†
τ,0(I−2|+hot〉〈+hot|)Uτ,0|−cold〉
=−
1
2
hνhottanh
(
1
2
βcoldhνcold
)(
1−2|〈+hot|Uτ,0|−cold〉|
2
)
(II.6)
and
Tr(ρ4Hcold)=−
1
2
hνcoldtanh
(
1
2
βhothνhot
)(
1−2|〈+cold|Vτ,0|−hot〉|
2
)
. (II.7)
Calculation details in Eqs. (II.5) and (II.7), above, are similar to that in Eqs. (II.4) and (II.6), respectively, and
therefore were omitted.
Furthermore, we can rewrite Eqs. (II.6) and (II.7) as
Tr(ρ2Hhot)=−
1
2
hνhottanh
(
1
2
βcoldhνcold
)
(1−2ξ) (II.8)
and
Tr(ρ4Hcold)=−
1
2
hνcoldtanh
(
1
2
βhothνhot
)
(1−2ξ), (II.9)
where
ξ= |〈±hot|Uτ,0|∓cold〉|
2
= |〈±cold|Vτ,0|∓hot〉|
2
. (II.10)
This relation can be demonstrated by observing that
|〈+cold|Vτ,0|−hot〉|
2
=〈+cold|Vτ,0|−hot〉〈+cold|Vτ,0|−hot〉
∗
=〈+cold|U
†
τ,0|−hot〉〈+cold|U
†
τ,0|−hot〉
∗
=〈−hot|Uτ,0|+cold〉
∗〈−hot|Uτ,0|+cold〉
=|〈−hot|Uτ,0|+cold〉|
2 , (II.11)
3
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|〈−hot|Uτ,0|+cold〉|
2
=〈−hot|Uτ,0|+cold〉〈−hot|Uτ,0|+cold〉
∗
=〈−hot|Uτ,0|+cold〉〈+cold|U
†
τ,0|−hot〉
=〈−hot|Uτ,0(I−|−cold〉〈−cold|)U
†
τ,0|−hot〉
=1−〈−hot|Uτ,0|−cold〉〈−cold|U
†
τ,0|−hot〉
=1−〈−cold|U
†
τ,0|−hot〉〈−hot|Uτ,0|−cold〉
=1−〈−cold|U
†
τ,0(I−|+hot〉〈+hot|)Uτ,0|−cold〉
=〈−cold|U
†
τ,0|+hot〉〈+hot|Uτ,0|−cold〉
=〈+hot|Uτ,0|−cold〉〈+hot|Uτ,0|−cold〉
∗
=|〈+hot|Uτ,0|−cold〉|
2
(II.12)
and, similarly,
|〈+cold|Vτ,0|−hot〉|
2
= |〈−cold|Vτ,0|+hot〉|
2
. (II.13)
As defined, ξ is the transition probability between the eigenstates of the Hamiltonians Hcold and Hhot. Also, ξ can
be understood as an adiabaticity parameter: when ξ=0, the process obeys the adiabatic theorem and there is no
transition between the instantaneous eigenstates of the Hamiltonian. To positive temperatures, this correspond to
the best possible efficiency. As soon as ξ becomes non-zero, which implies non-zero power, there will be transitions
which, in the case of positive temperatures, will lead to a decrease in useful energy and consequently in efficiency η. In
the case of effective negative temperatures, which is what we are dealing with, a highly counterintuitive effect occurs,
which is the fact that ξ is non-zero and yet increase the useful energy to perform work, as we shall demonstrated later.
It is now straightforward to calculate the quantities of interest 〈W 〉, 〈Qhot〉, 〈Qcold〉 and η. Using Eqs. (II.4), (II.5),
(II.8) and (II.9) in Eqs. (I.1)-(I.3), we obtain
〈W 〉=−
1
2
h(νhot−νcold)
[
tanh
(
1
2
βcoldhνcold
)
−tanh
(
1
2
βhothνhot
)]
+hξ
[
νhottanh
(
1
2
βcoldhνcold
)
+νcoldtanh
(
1
2
βhothνhot
)]
, (II.14)
〈Qhot〉=
1
2
hνhot
[
tanh
(
1
2
βcoldhνcold
)
−tanh
(
1
2
βhothνhot
)]
−hξνhottanh
(
1
2
βcoldhνcold
)
(II.15)
and
〈Qcold〉=−
1
2
hνcold
[
tanh
(
1
2
βcoldhνcold
)
−tanh
(
1
2
βhothνhot
)]
−hξνcoldtanh
(
1
2
βhothνhot
)
. (II.16)
which, when we consider βcold>0 and βhot<0 (βhot=−|βhot|), can be rewritten as
〈W 〉=−
1
2
h(νhot−νcold)
[
tanh
(
1
2
βcoldhνcold
)
+tanh
(
1
2
|βhot|hνhot
)]
+hξ
[
νhottanh
(
1
2
βcoldhνcold
)
−νcoldtanh
(
1
2
|βhot|hνhot
)]
, (II.17)
〈Qhot〉=
1
2
hνhot
[
tanh
(
1
2
βcoldhνcold
)
+tanh
(
1
2
|βhot|hνhot
)]
−hξνhottanh
(
1
2
βcoldhνcold
)
(II.18)
and
〈Qcold〉=−
1
2
hνcold
[
tanh
(
1
2
βcoldhνcold
)
+tanh
(
1
2
|βhot|hνhot
)]
+hξνcoldtanh
(
1
2
|βhot|hνhot
)
. (II.19)
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Finally, when replacing Eqs. (II.17) and (II.18) in Eq. (I.4), we have
η=−
〈W 〉
〈Qhot〉
=
1
2h(νhot−νcold)
[
tanh
(
1
2βcoldhνcold
)
+tanh
(
1
2 |βhot|hνhot
)]
−hξ
[
νhottanh
(
1
2βcoldhνcold
)
−νcoldtanh
(
1
2|βhot|hνhot
)]
1
2hνhot
[
tanh
(
1
2βcoldhνcold
)
+tanh
(
1
2 |βhot|hνhot
)]
−hξνhottanh
(
1
2βcoldhνcold
)
=1−
νcold
νhot
[
tanh
(
1
2βcoldhνcold
)
+tanh
(
1
2|βhot|hνhot
)
−2ξtanh
(
1
2|βhot|hνhot
)
tanh
(
1
2βcoldhνcold
)
+tanh
(
1
2 |βhot|hνhot
)
−2ξtanh
(
1
2βcoldhνcold
)
]
=1−
νcold
νhot


1−2ξ
[
tanh(12|βhot|hνhot)
tanh(12βcoldhνcold)+tanh(
1
2
|βhot|hνhot)
]
1−2ξ
[
tanh(12βcoldhνcold)
tanh(12βcoldhνcold)+tanh(
1
2
|βhot|hνhot)
]


=1−
νcold
νhot
(
1−2ξF
1−2ξG
)
(II.20)
where
F=
tanh
(
1
2 |βhot|hνhot
)
tanh
(
1
2βcoldhνcold
)
+tanh
(
1
2|βhot|hνhot
) (II.21)
and
G=
tanh
(
1
2βcoldhνcold
)
tanh
(
1
2βcoldhνcold
)
+tanh
(
1
2|βhot|hνhot
). (II.22)
III. CONDITIONS FOR THE CYCLE TO WORK AS A HEAT ENGINE
As already mentioned, for the above-described cycle to work as a heat engine, the condition 〈W 〉<0 must be
satisfied. We recall that this work extraction condition is determined by the direction of power and heat flow, which,
in turn, is given by the polarization rate of the system two-level steady-state [1].
Applying this condition to Eq. (II.17), we obtain
0≤ξ<
(νhot−νcold)
[
tanh
(
1
2βcoldhνcold
)
+tanh
(
1
2 |βhot|hνhot
)]
2
∣∣νhottanh(12βcoldhνcold)−νcoldtanh(12 |βhot|hνhot)∣∣ , (III.1)
which implies
νhot>νcold (III.2)
and
νcold
νhot
6=
tanh
(
1
2βcoldhνcold
)
tanh
(
1
2 |βhot|hνhot
). (III.3)
Note that, as shown in Fig. 2(b) of the main text, 0≤ξ<1/2, where the upper limit 1/2 is due to our choice of the
expansion Hamiltonian (Hexp(t)) that defines the eigenstates used to calculate ξ. In addition, this upper limit tells
us that the working medium always gains heat from the hot (negative) reservoir and always loses heat to the cold
(positive) reservoir, since 〈Qhot〉>0 implies
0≤ξ<
1
2
[
1+
tanh
(
1
2|βhot|hνhot
)
tanh
(
1
2βcoldhνcold
)
]
(III.4)
and 〈Qcold〉<0 implies
0≤ξ<
1
2
[
1+
tanh
(
1
2βcoldhνcold
)
tanh
(
1
2 |βhot|hνhot
)
]
. (III.5)
5
V EFFECT OF βhot<0 ON THE EFFICIENCY OF QOHE
Since only the values of ξ for which 〈Qcold〉<0 fulfills the condition to have a heat engine, the two conditions above
can be better appreciated in Fig. 2(a) of the main text, where the blank area indicates that the system does not work
out as a heat engine. On the other hand, as also indicated in Fig.2 (a), there is a wide range for which our system
works out as a heat engine for all values of ξ into that range and yet η≥ηOtto.
IV. ADIABATICITY PARAMETER
Since the parameter ξ has information about the speed with which the expansion and compression strokes occur
(see Fig. 2(b) of the main text), we call ξ a parameter of adiabaticity. This nomenclature becomes even clearer when
we calculate the work extracted from the QOHE when its expansion and compression strokes occur adiabatically
(quasi-static). This adiabatic work is given by
〈
W ad
〉
=
〈
W ad1→2
〉
+
〈
W ad3→4
〉
=Tr
(
ρad2 Hhot
)
−Tr(ρ1Hcold)+Tr
(
ρad4 Hcold
)
−Tr(ρ3Hhot), (IV.1)
where
ρad2 =
e−β
ad
hotHhot
Zadhot
(IV.2)
and
ρad4 =
e−β
ad
coldHcold
Zadcold
. (IV.3)
In addition, the adiabaticity conditions 〈±cold|ρ1|±cold〉=〈±hot|ρ
ad
2 |±hot〉 and 〈±hot|ρ3|±hot〉=〈±cold|ρ
ad
4 |±cold〉 imply
βcoldνcold=β
ad
hotνhot (IV.4)
and
βhotνhot=β
ad
coldνcold, (IV.5)
respectively. Using Eqs. (II.4) and (II.5) in Eq. (IV.1), together with Eqs. (IV.4) and (IV.5), we obtain
〈
W ad
〉
=−
1
2
h
[
νhottanh
(
1
2
βadhothνhot
)
−νcoldtanh
(
1
2
βcoldhνcold
)
+νcoldtanh
(
1
2
βadcoldhνcold
)
−νhottanh
(
1
2
βhothνhot
)]
=−
1
2
h
[
νhottanh
(
1
2
βcoldhνcold
)
−νcoldtanh
(
1
2
βcoldhνcold
)
+νcoldtanh
(
1
2
βhothνhot
)
−νhottanh
(
1
2
βhothνhot
)]
=−
1
2
h(νhot−νcold)
[
tanh
(
1
2
βcoldhνcold
)
+νcoldtanh
(
1
2
|βhot|hνhot
)]
. (IV.6)
Thus, when we compare Eq. (IV.6) with Eq. (II.17), we can write
〈W 〉=
〈
W ad
〉
+hξ
[
νhottanh
(
1
2
βcoldhνcold
)
−νcoldtanh
(
1
2
|βhot|hνhot
)]
, (IV.7)
in which the term containing ξ gives the departure from adiabaticity. Note that this departure from adiabaticity is
also present in Eqs. (II.18)-(II.20).
V. EFFECT OF βhot<0 ON THE EFFICIENCY OF QOHE
When the expansion and compression strokes occur adiabatically (ξ=0), for both βhot<0 and βhot>0, the efficiency
of the QOHE is given by η=1−νcold/νhot≡ηOtto. When operating with βhot>0, ηOtto is the maximum efficiency of
the QOHE, decreasing this value according to the non-adiabaticity (ξ>0) of the expansion and compression strokes,
as expected. We can now check what happens to the efficiency of the QOHE when βhot>0 and ξ>0. For this purpose,
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since Eq. Eq. (III.1) is satisfied, we can analyze the efficiency of the QOHE in cases where βcoldνcold< |βhot|νhot and
βcoldνcold≥|βhot|νhot. For the first case, which corresponds to the red region of Fig. 2 (a) of the main text, we have
η<ηOtto, since
1−2ξF
1−2ξG
<1 (V.1)
implies
1−2ξF
1−2ξG
<1
G<F
tanh
(
1
2
βcoldhνcold
)
<tanh
(
1
2
|βhot|hνhot
)
. (V.2)
For the second case, which corresponds to the blue region of Fig. 2 (a) of the main text, we have η≥ηOtto, since
1−2ξF
1−2ξG
≥1 (V.3)
implies
1−2ξF
1−2ξG
≥1
G≥F
tanh
(
1
2
βcoldhνcold
)
≥tanh
(
1
2
|βhot|hνhot
)
. (V.4)
Thus, the QOHE operating with βhot<0 can overcome ηOtto when ξ>0.
Part II
Experiment
VI. STATE TOMOGRAPHY
The information required to characterize the quantum Otto cycle was derived from the 13C nuclear spin state
obtained after each stroke via quantum state tomography [2]. To quantify the ability to implemnt the cycle we have
calculated the quantum fidelity [3]
F =
|Tr(ρexpρteo†)|√
tr(ρ2exp)
√
tr(ρ2exp)
(VI.1)
between the experimental density matrices (ρexp) and the theoretical predictions (ρtheo) calculated by numerical
simulations. A typical sequence of tomografies is shown in table VI.1, for τ=200 µs and the target populations
p+hot=0.813 and p
+
cold=0.26, while a sketch ilustrating the population evolution during the four cycle stages is presented
in figure VI.1. In this example, the experimental achieved populations were p+hot=0.814 and p
+
cold=0.255, the error
associated to the population preparation was estimated by repeating the state preparation 68 times and it was found
to be approximately ±0.004. Considering all experiments performed we have the total of 444 tomagraphed matrices,
a histogram of the quantum fidelities for these matrices is shown in figure VI.2. As can be seen, there is a excellent
agreement between the experimental densities matrices and the theoretical matrices, the obtained fidelities are always
above 0.98, on average the fidelity is F =0.9945. The peak counts with high fidelity values (around 0.998) corresponds
to the matrices obtained after the first and second strokes, while the counts with lower fidelities correspond to the
third and fourth strokes. In the third strokes we emulate the thermalization of the working system using the 1H spin.
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This thermalization process is effectively achieved by applying a sequence of suitable rf pulses and free evolutions,
this additional step introduces errors responsable for the lower fidelities values in the two final strokes.
Stroke ρ1 ρ2 ρ3 ρ4
Experimental
(
0.47 0.24−0.02i
0.24+0.02i 0.53
) (
0.66 −0.09−0.16i
−0.09+0.16i 0.34
) (
0.51 −0.01+0.31i
−0.01−0.31i 0.49
) (
0.20 −0.21−0.10i
−0.21+0.10i 0.70
)
Theory
(
0.50 0.24−0.0i
0.24+0.0i 0.50
) (
0.64 −0.10−0.17i
−0.10+0.17i 0.36
) (
0.50 0.0+0.31i
0.0−0.31i 0.50
) (
0.28 −0.22−0.03i
−0.22+0.03i 0.72
)
Quantum Fidelity F =0.9979 F =0.9988 F =0.9994 F =0.9924
Table VI.1. Experimental end theoretical density matrices for τ=200 µs and the target populations p+hot=0.813 and p
+
cold=0.26.
L? L räyww
L> L rätww
DåÖâß×
L? L rät{{
L> L räyss
DåÖâß×
L? L räxxt
L> L räuuz
DåÛâç
L? L räszx
L> L räzsv
DåÛâç
Cooling Stroke Compression Stroke
Expansion Stroke Heating Stroke
Figure VI.1. Sketch of the population evolution during the four cycle stages for τ=200 µs and the target populations p+hot=0.813
and p+cold=0.26, νcold=2.0 kHz and νhot=3.6 kHz.
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Figure VI.2. Quantum fidelity histogram of 444 density matrices obtained experimentaly.
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